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Natural constants

Speed of light in vacuum c = 299 792 458m s−1

Vacuum permeability µ0 = 4π × 10−7 kgmA−2 s−2

Vacuum permittivity ε0 = 8.854 187 817× 10−12A2 s4 kg−1m−3

Planck constante h = 6.626 069 57× 10−34 kgm2 s−1

Elementary charge e = 1.602 176 565(35)× 10−19As
Gravitational constant G = 6.673 84(80)× 10−11m3 kg−1 s−2

Gravitational acceleration g = 9.81m s−2

Avogadro number NA = 6.022 141 29(27)× 1023mol−1

Ideal gas constant R = 8.314 459 8(48) Jmol−1K−1

Boltzmann constant kB = 1.380 648 8(13)× 10−23 JK−1

Stefan-Boltzman constant σ = 5.670 373(21)× 10−8Wm−2K−4

Electron mass me = 9.109 382 6(16)× 10−31 kg
Proton mass mp = 1.672 621 71(29)× 10−27 kg
Neutron mass mn = 1.674 927 28(29)× 10−27 kg
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Indicate your answers in the corresponding boxes on this page.
For each question, there is only one correct answer.
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Question 1
The following graph depicts the evolution of the position of two objects. Which statement
is correct?

a) At time t1, both objects have the same velocity.

b) There is at least a time t < t1 when both objects have the same velocity.

c) Both objects are accelerating all the time.

d) There is a time when both objects have the same acceleration.

e) None of the previous answers is correct.

Question 2
The following graph depicts the evolution over time of the velocity of a car.

What is the distance travelled by the car between the times t = 10 s and t = 20 s?

a) 210 m

b) 250 m

c) 275 m

d) 300 m

e) 325 m

f) None of the previous answers
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Question 3
Two masses m1 = 3 kg and m2 = 7 kg are attached together with a string going over a
pulley (see picture). As soon as we set the system free, one mass is accelerating upwards,
the other one downwards. If we write F1, resp. F2, the resulting force acting on the mass
m1, resp. m2, what is then the value of the ratio F1/F2?

a) 3/10

b) 2/5

c) 4/3

d) 3/4

e) 3/7

f) 1

Question 4
Two masses m1 and m2, with m1 > m2, freely fall from a height h. As soon as they reach
the floor, which mass has the highest kinetical energy? We neglect air friction.

a) E1 > E2

b) E1 < E2

c) E1 = E2

d) We need more information.

Question 5

Two marbles of respective masses M and m (M � m) experience an elastic collision
between them. Before the collision, the marble M is moving with a velocity v, whereas
the marble m has a velocity −v. After the collision, what is approximately the velocity of
the small marble m?

a) vm = −3v

b) vm = −v

c) vm = 0

d) vm = v

e) vm = 2v

f) vm = 3v

Question 6
The distance between the Earth and the Sun is often expressed as 1 AU for 1 astronomical
unit (about 150 millions km). Knowing that the planet Mars is located at a distance of
1.524 AU from the Sun, how many days does it approximately need to complete a full
rotation around the Sun?

a) 157 days

b) 483 days

c) 556 days

d) 686 days

e) 772 days

f) 1025 days
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Question 7

How many hairs does Donald Trump have on his head? (If you do not know who he is,
consider a standard human being)

a) 42

b) 103

c) 105

d) 107

e) 108

Question 8
Let us consider a distance d, a time t and a force F . In which case can we express the
units of the quantity dα · tβ · F γ in Watt?

a) α = 1, β = −1, γ = 1

b) α = 1, β = 1, γ = −1

c) α = 2, β = 1, γ = 0

d) α = 1, β = 1, γ = 1

e) α = 1, β = −2, γ = 1

f) α = −1, β = −1, γ = 1

Question 9
A closed and isolated box is divided into two compartments initially separated by a plate:
the first compartment contains an ideal gas at temperature T1 and pressure p1, whereas
the second compartment is empty. We now remove the plate between the compartments
and let the system evolve. What can we say about the final temperature T2 and pressure
p2 of the gas?

a) T2 < T1, p2 < p1

b) T2 < T1, p2 = p1

c) T2 > T1, p2 < p1

d) T2 > T1, p2 = p1

e) T2 = T1, p2 < p1

f) T2 = T1, p2 = p1

Question 10
A sample of mass 5 kg of a given substance is heated with a source that constantly delivers
a heat of 41.9 kJ per minute. The graphic below represents the temperature of the sample
over time. What is the latent heat of vaporization of that substance?

a) 12.6 kJ·kg−1

b) 62.9 kJ·kg−1

c) 126 kJ·kg−1

d) 210 kJ·kg−1

e) 629 kJ·kg−1
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Question 11
Let us consider a tank filled with water and 4 different points all located at the same
height:

We make the following claims about the pressures:

1. p1 = p2

2. p1 = p3

3. p2 = p4

What can we say about those claims?

a) Only 1 is correct

b) Only 2 is correct

c) Only 3 is correct

d) 1 and 2 are correct

e) 1 and 3 are correct

f) 2 and 3 are correct

Question 12
A homogeneous and uncompressible fluid is flowing in a stationnary regime inside a tube
laying horizontally, as depicted in the picture below. We consider two points of the fluid,
1 and 2.

Which of the following answers correctly describes the relation between the velocities and
the pressures between the points 1 and 2?

a) v1 > v2, p1 = p2

b) v1 > v2, p1 > p2

c) v1 < v2, p1 = p2

d) v1 < v2, p1 > p2

e) v1 = v2, p1 < p2

f) None of the previous answers.
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Question 13
Let us consider the following circuit:

The total current in the circuit is 2 A. The internal resistance of the tension source is
negligible. The resistance R is then:

a) 2
3 Ω

b) 3 Ω

c) 9 Ω

d) 10 Ω

e) 14 Ω

Question 14
A capacitor with capacity 4.0µF is connected in parallel with another capacitor of capacity
2.0µF. We now apply a tension of 260 V to the circuit composed of the two capacitors.
What is the total energy stored in the system?

a) 0.1 J

b) 0.2 J

c) 0.04 J

d) 0.05 J

e) 0.1 J

f) 0.9 J

Question 15

Let us consider an empty sphere (i.e. a spherical shell) of radius R on which a charge Q
is uniformely distributed. Which of the following graphs represents the intensity of the
electrical field as a function of the distance from the center of the sphere?
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Question 16
On the picture below, we consider an object as well as a convergent lense, where F is a
focal point of that lense. A light beam coming from the object is traced as well (in red).
Which of the five beams depicts the path of the light beam coming from the object after
going through the lense?

Question 17
By which factor is increased the critical angle in a total reflexion happening in a prism
made of Flint glas, if the prism is in contact with water instead of air? The refractive
indices are nF = 1.6 in Flint glas, nw = 1.3 in water and na = 1.0 in air.

a) 0.7

b) 1.0

c) 1.2

d) 1.4

e) 1.6

f) 1.9

Question 18
On the following picture, one can see a pulse propagating on a rope, in the right direction.
P is a point on the rope.

Which of the following vectors gives the direction and sense in which the point P is moving
at that moment?
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Question 19
We consider two masses m linked together by a spring of spring constant k. This system
has an oscillation period of 50 fs. What is the oscillation period if we now link two masses
2m with the same spring?

a) 100 fs

b) 71 fs

c) 50 fs

d) 35 fs

e) 25 fs

f) None of the previous answers.

Question 20
A radioactive element has an initial activity A0. After 200 s, its activity has dropped to
A0/5. What is the half-life of that element?

a) 6 s

b) 13 s

c) 28 s

d) 41 s

e) 86 s

f) 120 s

Question 21
We make an experiment in order to determine the evolution of a quantity y over time, and
our data are given by the following graph:

Which function y(t) best fits the data? (y0 and α are real constants)

a) y = y0 · e−α2t

b) y = y0 · eα2t

c) y = y0 − α2t

d) y = y0 + α2t

e) y = y0
t

f) y = −y0
t

Question 22

After the 19th of May 2019, according to the International System (SI), the kilogramme
will be defined from:

a) a mass prototype located near Paris

b) the Plank constant h

c) the Boltzmann constant kB

d) the Avogadro constant NA

e) the gravitational constant G

f) the mass of the electron me
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Theoretical Problems

Duration : 120 minutes
Marks: 48 points

Start each problem on a new page in order to ease the correction.

Problem 1 : Friction (16 points)
Let’s consider an inclined plane with an xy coor-
dinate system as depicted on Fig. 1. At the origin
of the coordinate system, we fix an ideal spring of
constant k = 30 N/m and rest length l0 = 30 cm.
The plane makes an angle α = 30 ◦ with respect
to the horizontal. A block of mass m = 200 g is
initally resting at a distance xA = 70 cm from the
origin on the inclined plane.

Fig. 1: Inclined plane.

Part A. Without friction (8 points)
In this part, we neglect any friction effect. We now
let the block move freely from its initial position.

i. (2.5 P) Find an expression for the resulting
force Fr on the block as a function of x, its distance
from the origin, both when it is in contact/not in
contact with the spring. At which position x0 is
the force zero? Draw a graph of the force Fr(x).

ii. (1 pt) At which position x1 does the block
reach its maximal velocity? Find an expression
for x1 and calculate its value.

iii. (2 P) Determine the potential energy as well
as the kinetical energy of the block as a function
of the position x.

iv. (2.5 P) Determine and calculate the position
x2 where the direction of motion of the block is
inverted.

Part B. With friction (8 points)

From now on, we take the friction into account.
The coefficient of static friction is µs = 0.56 and
the coefficient of kinetic (or dynamical) friction is
µd = 0.52. The block is once again placed at the
position xA and released from there.

i. (1 pt) Express a condition for the block to stay
still and show that in this problem, the block will
move.

ii. (2.5 P) Determine and calculate the position
x3 where the direction of motion of the block is
inverted.

iii. (1.5 P) Find an expression for the mechan-
ical energy E(x) as a function of the position x
between xA and x3.

iv. (1.5 P) Determine and calculate the position
x4 where the block reaches its maximal velocity.

v. (1.5 P) Determine and calculate the position
x5 where the block will stop moving.

Adapted from the Italian Physics Olympiad 2015.
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Problem 2 : Electrostatic motor (16
points)
Most electromotors are powered by magnetic
fields. There is however an exception: the elec-
trostatic motor (hereafter simply labeled as “mo-
tor”), which we will study in this problem. The
motor is composed of two parallel square plates, of
side s. The two plates are separated by a distance
d and linked to a voltage source of tension U (see
Fig. 2). Between the plates, a revolvable axis is
mounted, with several non-conducting sticks at-
tached to it; each stick is topped with a small
quadratic plate (for convenience, we will consider
4 sticks/plates). Thoses small plates are electri-
cally conducting and have a side b � s. To each
small plate is attached a short conducting wire
with length a, with a � d and a � b. The small
plates and wires are designed in such a way that
they touch the (big) plates at the top/bottom, and
therefore exchange charges with those plates (the
small plates don’t directly touch the big ones, only
the wires do). In every part of this problem we will
assume that the small plates are already charged.

+ + ++

+

+

_ _ _ _
_

_

Fig. 2: Electrostatic motor. The axis and the non-
conducting sticks are represented in blue. The small con-
ducting plates and wires are in red.

Part A. Let’s have a look at the plates (2 points)
In this first part, we only consider the two plates
and the voltage source. The axis and the small
plates can be let aside.

i. (0.5 P) What is the electric field E between the
plates? (d� s)

ii. (1 pt) Which charge Q is found on one plate?

iii. (0.5 P) What is the surface charge density σ
on the plates?

Part B. Let’s have a look at the small plates (7
points)

We now consider the complete system. Assume
that the charge on the small plates is so small
that it has no influence on the charge distribu-
tion on the big plates or on the electric field be-
tween the plates. Suppose that the axis and the
non-conducting sticks have an electric permittiv-
ity ε = 1 (and thus do not influence the electric
field).

i. (2.5 P) What is the charge q on one small plate?

In the following questions, we assume that the
charge is distributed equally on the small plates.
ii. (1.5 P) For each small plate, give the electric
force (norm, direction).

iii. (2.5 P) Let α be the angle of rotation per-
formed by the axis. What is the torque M as a
function of the angle α?

iv. (0.5 P) Does the motor drawn as in the situa-
tion from Fig. 2 rotate? If yes, in which direction?
If no, why? You only need to give keywords in
your answer.

Part C. Let’s move everything (7 points)

Now the motor rotates at a constant turn rate of
f turns per minute.

i. (1.5 P) What is the average current I flowing
from the voltage source on the (big) plates?

ii. (1 pt) What is the average electric power Pel?

iii. (2 P) What is the average mechanical power
Pme?

iv. (2.5 P) Determine the difference Pel − Pme.
Why is it different from 0?
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Problem 3 : Four-stroke engine (16 points)
A so-called four-stroke engine (or four-cycle) is a
type of motor developed in the second part of the
19th century. It is basically characterized by four
strokes or steps: first, an intake valve opens and
a mixture of air and fuel is sucked into a cylinder,
moving a piston down. The piston then moves
up and compress the gas. After that, the gas is
ignited, burns and expands: the piston is moving
down again and produces mechanical work which
can be used, e.g. to make a car move! Finally, an
exhaust valve opens and the piston pushes out the
burned gas when returning to its initial position.
During the whole process, the piston completed 4
strokes (up-down or down-up), and this gives the
name to that engine.

There are several ways to ignite the gas in the
third step. We will investigate two different ther-
modynamical processes in this problem: the Otto
cycle (1876) and the Diesel cycle (1893). We will
however leave out the intake and exhaust phases
and always start a cycle with a certain volume of
gas already in the cylinder.

Part A. An ideal Otto cycle (7 points)

The Otto cycle - named after the German engineer
Nikolaus Otto - is a thermodynamical cycle where
the gas is ignited by a spark plug. In our problem,
it is characterized by four phases:

1. An adiabatic compression of an initial volume
of gas.

2. An isochoric heating of the gas, with the help
of a spark plug.

3. An adiabatic expansion of the heated gas.

4. An isochoric phase where the gas is cooled
down. This closes the cycle.

i. (1.5 P) Make a complete qualitative sketch of
an Otto cycle in a p− V diagramme.

Let’s assume that a sensor inside the cylinder al-
lows to measure the temperature at each step.

ii. (3 P) Determine the efficiency ηO of the Otto
cycle as a function of the temperatures.

We now define the compression ratio r := V1
V2

,
where V1 and V2 are the volume of the gas at the
beginning/end of the adiabatic compression. We

also define γ =
Cp

CV
.

iii. (2.5 P) Express ηO as a function of r and γ.

Part B. An ideal Diesel cycle (7 points)
The Diesel cycle, named after another German
engineer, Rudolf Diesel, is also composed of four
phases, but in that case, the adiabatic compres-
sion of the gas is sufficient to cause a self-ignition,
and no sparking plug is needed. The four steps
are the following:

1. An adiabatic compression of the initial volume
of gas.

2. An isobaric heating of the gas (thanks to self-
ignition).

3. An adiabatic expansion of the heated gas.

4. An isochoric phase where the gas is cooled
down. This closes the cycle.

i. (1.5 P) Make a complete qualitative sketch of
a Diesel cycle in a p− V diagramme.

Suppose again that the temperature at each step
can be measured, and γ is given and defined as
previously.
ii. (3 P) Determine the efficiency ηD of the Diesel
cycle as a function of known quantities.
Hint : R = Cp − CV

For a Diesel engine, we can again define the com-
pression ratio r as previously, but also a so-called
cut-off ratio α := V3

V2
, where V2 and V3 are the vol-

ume of the gas at the beginning/end of the heating
process (second step).
iii. (2.5 P) Express the efficiency ηD as a function
of r, α and γ.

Part C. Some comparisons (2 points)
i. (0.75 P) Suppose that the compression ratio
r is fixed. Between Otto and Diesel, which cycle
would be more efficient? If you were not able to
solve the last question of the Diesel part, use the
(wrong) expression

η∗D = 1 − αγ−1

rγ−1γ
.

(In reality, r is different for both cycles, and they
don’t use the same type of fuel.)

Consider an Otto engine with a typical compres-
sion ratio of r = 10; the gas is initially at a
temperature of 30 ◦C and reaches a maximum of
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1700 ◦C. We use γ = 1.4 as well.

ii. (0.5 P) Calculate the efficiency for this typical
Otto engine.

iii. (0.75 P) What would be the value of the cor-
responding Carnot efficiency? What can you say
when you compare this value to the one from the
previous question? Are you suprised by the result?

Natural constants

Speed of light in vacuum c = 299 792 458 m·s−1

Vacuum permeability µ0 = 4π × 10−7 kg·m·A−2·s−2

Vacuum permittivity ε0 = 8.854 187 817 × 10−12 A2·s4·kg−1·m−3

Planck constante h = 6.626 069 57 × 10−34 kg·m2·s−1

Elementary charge e = 1.602 176 565(35) × 10−19 A·s
Gravitational constant G = 6.673 84(80) × 10−11 m3·kg−1·s−2

Gravitational acceleration g = 9.81 m·s−2

Avogadro number NA = 6.022 141 29(27) × 1023 mol−1

Ideal gas constant R = 8.314 459 8(48) J·mol−1·K−1

Boltzmann constant kB = 1.380 648 8(13) × 10−23 J·K−1

Stefan-Boltzman constant σ = 5.670 373(21) × 10−8 W·m−2·K−4

Electron mass me = 9.109 382 6(16) × 10−31 kg
Proton mass mp = 1.672 621 71(29) × 10−27 kg
Neutron mass mn = 1.674 927 28(29) × 10−27 kg
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Multiple-choice : solution
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Theoretical Problems: solutions

Problem 1 : Friction: Solution (16 points)
Part A. Without friction (8 points)
i. (2.5 P) Find an expression for the resulting force Fr on the block as a function of
x, its distance from the origin, both when it is in contact/not in contact with the
spring. At which position x0 is the force zero? Draw a graph of the force Fr(x).

At any time, the weight ~P and the normal force ~N acts on the mass. On the x-axis, we only have
the component of the weight −mg sin(α) (on the y-axis, the vertical component of ~P exactly
compensate ~N). When the mass is in contact with the spring, we also have an elastic force ~Fe
to consider: −k(x− l0). We thus have (on the x-axis):

Fr(x) =

{
−mg sin(α) when x ≥ l0
−mg sin(α)− k(x− l0) when x < l0

The force is zero at the position x = x0, where the weight is compensating the elastic force:

Fr(x) = 0 ⇔ −mg sin(α) = k(x0 − l0) ⇔ x0 = l0 −
mg

k
sin(α)

Numerically, one finds x0 = 26.73 cm.

The graph of Fr(x) looks like the following:

If the labels are missing from the axes: -0.1.

ii. (1 pt) At which position x1 does the block reach its maximal velocity? Find an
expression for x1 and calculate its value.

Px and Fe have opposite directions. As long as Px is greater than Fe, the velocity of the block
increases. As soon as Fe takes over, the block slows down. The maximal velocity is thus reached
for Px = Fe, i.e. at x1 = x0.
0.5 for an explanation, 0.5 for the final answer.

iii. (2 P) Determine the potential energy as well as the kinetic energy of the block
as a function of the position x.

Potential energy: weight at all time + elastic potential energy when the mass is in contact with
the spring:

Ep(x) =

{
mgx sin(α) when x ≥ l0
mgx sin(α) + 1

2k(l0 − x)2 when x < l0
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Since no dissipative force acts on the block (no friction here), the mechanical energy is conserved.
We can for instance takes its value at the starting position of the block: Em = mgxA sin(α).
The kinetic energy is then found by substraction:

Ek(x) = Em − Ep(x) =

{
mg(xA − x) sin(α) when x ≥ l0
mg(xA − x) sin(α)− 1

2k(l0 − x)2 when x < l0

iv. (2.5 P) Determine and calculate the position x2 where the direction of motion of
the block is inverted.

The point of inversion is given where the velocity is zero, which means where the kinetic energy
vanishes.
In the case x ≥ l0, one has x = xA, this is obviously the starting point. We thus look at the
domain x < l0:

mg(xA − x) sin(α) =
1

2
k(l0 − x)2

x2 + 2
(mg
k

sin(α)− l0
)
x+

(
l20 −

2mg

k
sin(α)

)
= 0

and we thus find

x1 =
(mg
k

sin(α)− l0
)
±
√(mg

k
sin(α)− l0

)2
−
(
l20 −

2mg

k
sin(α)

)

or any equivalent formulation. There are two solutions: x2 = 10.2 cm and x′2 = 43.2 cm, but
only the first one is valid, since the second one is outside of the domain (x′2 > l0).
They don’t need to calculate the second solution if they can show that it is outside of the domain.

Part B. With friction (8 points)
i. (1 pt) Express a condition for the block to stay still and show that in this problem,
the block will move.

The block stays still if
~P + ~N + ~Fs = ~0

with ~F the static friction force. If we decompose this equation on the x and y axes:

{
Px + Fs = 0
Py +N = 0

∼
{
Fs = mg sin(α)
N = mg cos(α)

Upon dividing both equations and considering the extreme case Fs,max = µsN , one finds the
condition for not moving:

tan(α) =
Fs
N
≤ Fs,max

N
= µs ⇒ tan(α) ≤ µs

We have tan(30◦) = 0.58 and µs = 0.56, which means that the block will move.

ii. (2.5 P) Determine and calculate the position x3 where the direction of motion of
the block is inverted.
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Since we have friction, the variation of the mechanical energy is no more zero, but equals the
work of the non-conservative forces:

∆Em = W (Fnc)

Left-hand side: let’s consider the variation between the starting point and the point of inversion
x. At both position, the velocity - and thus the kinetic energy - is zero. We thus have

∆E = ∆Ep + ∆Ek = ∆Ep = mg sin(α)(x− xA) +
1

2
k(l0 − x)2.

Right-hand side: the friction force is constant and parallel to the x-axis, we can thus easily write
down its work (there is an angle π between the force and the direction vector, hence the minus
sign in the scalar product):

W (Fd) = ~Fd • ~d = −Fd |x− xA| = µdN(x− xA) = µdmg cos(α)(x− xA)

Equating both sides of the energy equation and solving for x gives:

1

2
kx2 + (−kl0 +mg sin(α)− µdmg cos(α))x+

(
1

2
kl20 −mg sin(α)xA + µdmg cos(α)xA

)
= 0

x2 +


−2l0 + 2

mg

k
(sin(α)− µd cos(α)

︸ ︷︷ ︸
:=B


x+

(
l20 − 2

mg

k
xA(sin(α)− µd cos(α))

)
= 0

x2 + 2(B − l0)x+ (l20 − 2BxA) = 0

The solution is given by:

x3 = (l0 −B)±
√

(B − l0)2 − (l20 − 2BxA)

Or any equivalent form. There are two solutions: x3 = 24.6 cm and x′3 = 34.8 cm, but only the
first one is valid, since the second one is larger than l0.

They don’t need to calculate the second solution if they can show that it is outside of the domain.
They could also notice that the expression is the same as in the previous part, but we replace the
weight Px by Px + Fd.

iii. (1.5 P) Find an expression for the mechanical energy E(x) as a function of the
position x between xA and x3.

From the previous part, we have

∆E(x) = W (Fd)(x) ⇔ E(x)− E(xA) = µdmg cos(α)(x− xA)

and thus

E(x) = E(xA) + µdmg cos(α)(x− xA) = mg(sin(α)xA + µd cos(α)(x− xA))

or any equivalent form. The mechanical energy is thus linear in x.

iv. (1.5 P) Determine and calculate the position x4 where the block reaches its max-
imal velocity.
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When the mass is falling and in contact with the spring, Px has the opposite direction of Fe
and Fd (both directed upwards). As previously, the maximal velocity is reached when the Px is
compensated by the two other forces:

mg sin(α) = k(l0 − x) + µdmg cos(α)

x4 = l0 +
mg

k
(µd cos(α)− sin(α))

Numerically: x4 = 29.7 cm.

v. (1.5 P) Determine and calculate the position x5 where the block will stop moving.

We have seen that in x3, the velocity of the block is zero. We thus want to see if, at the position,
the block is going to move again or not. The condition for the equilibrium is given by:

~P + ~N + ~Fe + ~Fs = ~0

or on the axes:
{
Px + Fe + Fs = 0
Py +N = 0

∼
{
mg sin(α) = Fs + k(l0 − x3)
mg cos(α) = N

The first equation gives us a condition of the friction force: Fs = mg sin(α)−k(l0−x3) = −0.65 N.
The sign indicates that the static friction is oriented downwards. This is logical since the block
is at the position x3 < x0, where the weight is smaller than the elastic force, the friction must
therefore compensate in order for the block to be at rest.

We however need to compare this value to the maximal friction force:

Fs,max = µsN = µsmg cos(α) = 0.951 N

Since |Fs| < Fs,max, the force maintains the equilibrium and the block does not move again once
in x3, we thus have

x5 = x3
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Problem 2 : Elektrostatischer Motor (16 points)
Part A. Berechnungen zu den Platten (2 points)
i. (0.5 P) Wie gross ist das elektrische Feld E zwischen den Platten? (d� s) ?
The electric field is E = U

d . The assumption d � s allows us to assume a homogeneous field
between the plates.

ii. (1 pt) Welche Ladung Q befindet sich auf einer Platte?
The capacity of a plate capacitor is given by C = ε0A

d with A = s2.
The charge is therefore Q = UC .
or in terms of the known variables Q = U ε0s2

d

iii. (0.5 P) Wie gross ist die Flächenladungsdichte σ auf den Platten?
The charge density is σ = Q

s2
= Uε0

d .

If not simplified, and only σ = Q
s2

, less points.

Part B. Berechnungen zu den Plättchen (7 points)
i. (2.5 P) Wie gross ist die Ladung q auf einem Plättchen?
We look at the case where a small plate is connected (by the small wire) with a big plate (like
the situation drawn). Using the same assumptions as for the plate capacitor (a � b) and that
the small and big plate are connected, we can assume that there is no electric field between the
small plate and the connected big plate.
Since a� d and b� s we can assume that the electric field is still homogeneous and has nowhere
a horizontal component. We therefore have the same charge density on the small plate as on the
big plate. (Maybe the students don’t write this explicitly, then simply give these points for the
correct answer)
The charge is therefore q = σb2 = ε0U

d b2.

ii. (1.5 P) Gib für jedes Plättchen die elektrische Kraft (Betrag, Richtung) an.
Since the electric field is homogeneous and the absolute value of the charge of each small plate
is the same, the absolute value of the force on each small plate is also the same and given by
F = Eq = ε0U2b2

d2
.

Note: the force of the positive charged small plate is pointing downwards, the one of the negative
charged is pointing upwards.

iii. (2.5 P) Sei α der Winkel, um den sich die Achse gedreht hat. Wie gross ist das
Drehmoment M in Abhängigkeit des Winkels α?
The torque is M = Fr⊥ where r⊥ is the mean distance perpendicular to the force of the small
plate to the axis.
For the mean distance we can simply take the distance of the centre of the small plate to the
axis which is r⊥ = (d2 − a) sin(φ) where φ is the angle between the rod holding the small plates
and the vertical field lines.
If the motor is turned by an angle α, two small plates have sin(φ) = | sin(α)| where we used the
absolute value because the torque of all four small plates points in the same direction.
For the other two small plates we have sin(φ) = | sin(α+ 90◦)| = | cos(α)|.
We then get a total torque of M = 2F (d2 − a)(| sin(α)|+ | cos(α)|).

iv. (0.5 P) Läuft der Motor in der skizzierten Situation an? Wenn ja - in welche
Richtung? Wenn nein - warum nicht? Stichworte als Antwort genügen.
It rotates in anticlockwise direction.
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Part C. In Bewegung (7 points)
i. (1.5 P) Wie gross ist der mittlere Strom I , der von der Spannungsquelle auf die
Platten fliesst?
Each time the motor fulfils an entire rotation (360◦), a charge of 8q is transported from the upper
to the lower plate and from the lower to the upper plate (note: each small plate transports the
charge q from the upper to the lower plate and −q from the lower to the upper, therefore 2q in
total).
To get SI units (Ampère) one has to divide f be 60 s/min. As long as the students use the
correct units this is not necessary (without factor 60 s/min the current is charge per minute and
the Power will be Joule per minute). Punishment of −0.5Pt if they write down wrong units. In
the following we will use SI units and associate f/60 by the unit per second.

Therefore each second a charge of 8q f60 flows. This is then the current I = 8q f60 = 8ε0
Ub2f
60d =

2ε0
Ub2f
15d .

ii. (1 pt) Wie gross ist die mittlere elektrische Leistung Pel?
Pel = UI
Simplified this is P = 2ε0

U2b2f
15d (They will need to insert the given variables sooner or later to

compare it to the mechanical power, if they simplify it there this point can be given here too).

iii. (2 P) Wie gross ist die mittlere mechanische Leistung Pme?
The mechanical power is Pme = Fv = Mω
where v is the velocity of the small plates and ω = 2πf

60 is the angular frequency.
To get the mean torque we have to take the mean value of | sin(α)|+ | cos(α)| over a π

2 rotation
(here calculation in radian), which is

| sin(α)|+ | cos(α)| = 2

π

∫ π
2

0
sin(α) + cos(α) dα =

2

π
[− cos(α) + sin(α)]

π
2
0 =

2

π
2 =

4

π

We then get Pme = ε0
U2b2

d2
· 4π2(d2 − a) · 2πf60 = 4ε0

U2b2f
15d2

(d2 − a) = Pel − 4ε0
U2b2af
15d2

(Here again if

they insert the variables in the next task give the point also here. They need 4ε0
U2b2af
15d2

for the
next task).

iv. (2.5 P) Bestimme die Leistungsdifferenz Pel−Pme. Warum weicht diese von 0 ab?
This is obviously related to the non zero length of the wire a.
When charging, the charge passes this difference a as a current (on conducting material) without
doing any work. This happens twice, on the upper and on the lower plate.
When the small plates get charged, a current flows and therefore there is a magnetic field. This
magnetic field allows to consider two different cases for the power loss (how these two cases
contribute to the total missing power depends on different parameters and on the considered
model.):

1. When the current charging the small plates gets smaller the magnetic field gets smaller
too. Due to induction and Lorentz law, this causes a force on the charge which opposes the
change of the magnetic field and causes an additional current. We then have an oscillator,
consisting of the small an big plate as capacitor and the wire as inductor. (A part of) The
missing energy is stored in the magnetic field and given away somewhere else (for example
electromagnetic wave, resistivity (here a very small resistivity might already have a big
impact because the current flows for a longer time due to oscillation) or when the charge
is flowing on the other plate).
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2. We have a time dependent magnetic field which causes an electromagnetic wave. The
missing energy is then dissipated by the wave.

Additionally the following answers are generally not wrong but not part of the model we used
here (so less points):

• The plates (small and big) have a resistivity.

• When the small plates moves around the axis, it gets accelerated and therefore emits
electromagnetic waves.

• There is friction between the big and small plates.

In total maximal 2.5P possible (so if one gives the correct answer but also some of the three last
ones, on only gets 2.5P instead of 3.25P)
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Problem 3 : Four-stroke engine: Solution (16 points)
Part A. An ideal Otto cycle (7 points)
i. (1.5 P) Make a complete qualitative sketch of an Otto cycle in a p−V diagramme.

Required:

• 4 correct branches (2 adiabatic and 2 isochor)

• axes labels

• direction of the cycle

• states indicated, or at least where the cycle starts (numbers, labels, . . . )

ii. (3 P) Determine the efficiency ηO of the Otto cycle as a function of the temper-
atures.

The efficiency is defined as the ratio between the total work done by the system and the total
heat given to the system:

η =
W↗tot
Q↙tot

There are no heat exchange during the adiabatic processes, and no work done during the isochoric
phases, hence:

η =
W↗12 +W↗23 +W↗34 +W↗41

Q↙23
=
W↗12 +W↗34

Q↙23
=
−W↙12 +W↗34

Q↙23

This greatly simplifies the calculation since we only need to compare the heat or work with the
internal energy:
Heat:

Q↙23 = U23 =

∫ T3

T2

nCV dT = nCV (T3 − T2)

Work:

W↙12 = U12 = nCV ∆T = nCV (T2 − T1)
W↗34 = −W↙34 = −nCV (T4 − T3)
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We thus have:

ηO =
−nCV (T2 − T1) + (−nCV (T4 − T3))

nCV (T3 − T2)

=
T3 − T2 + T1 − T4

T3 − T2
= 1− T4 − T1

T3 − T2
iii. (2.5 P) Express ηO as a function of r and γ.

We know that r = V1
V2

and γ =
Cp
CV

. For the two adiabatic processes, we can write:

p1V
γ
1 = p2V

γ
2 and p3V

γ
3 = p4V

γ
4 ∼ p3V

γ
2 = p4V

γ
1

since V2 = V3 and V4 = V1 . Using the ideal gas law, one can replace the pressure by the
temperature to get:

T1V
γ−1
1 = T2V

γ−1
2 and T3V

γ−1
2 = T4V

γ−1
1

Substracting both equations reads

(T4 − T1)V γ−1
1 = (T3 − T2)V γ−1

2

T4 − T1 = (T3 − T2)
(
V2
V1

)γ−1

= (T3 − T2)
1

rγ−1

which allows to rewrite the efficiency:

ηO = 1− T4 − T1
T3 − T2

= 1− 1

rγ−1

There are several variants, one can e.g. simply substitute T2 and T3 in the efficency using the
two adiabatic equations, the final result is identical.

Part B. An ideal Diesel cycle (7 points)
i. (1.5 P) Make a complete qualitative sketch of a Diesel cycle in a p−V diagramme.

Required:

• 4 correct branches (2 adiabatic, 1 isobar, 1 isochor)
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• axes labels

• direction of the cycle

• states indicated, or at least where the cycle starts (numbers, labels, . . . )

ii. (3 P) Determine the efficiency ηD of the Diesel cycle as a function of known
quantities.
Hint : R = Cp − CV

The efficiency, with the same definition as before, can be written as:

η =
W↗12 +W↗23 +W↗34 +W↗41

Q↙23
=
−W↙12 +W↗23 +W↗34

Q↙23

This time, the second phase is an isobaric process, there is therefore some work involved. As
previously, we will write the work and heat as a function of the temperatures (parameters we
can measure).

Heat: we can rederivate the heat for an isobaric process, since work is also involved this time

Q↙23 = ∆U23 −W↙23
= nCV ∆T − (−

∫ V3

V2

pdV )

= nCV ∆T + p∆V

= nCV ∆T + nR∆T

= n(R+ CV )∆T

= nCp(T3 − T2)
where we used the ideal gas law in the 3rd step and the hint R = Cp − CV in the last step.

Work:

W↙12 = U12 = nCV ∆T = nCV (T2 − T1)

W↗23 = −W↙23 = +

∫ V3

V2

p2 dV = +p2(V3 − V2) = +nR(T3 − T2)

W↗34 = −W↙34 = −nCV (T4 − T3)
Inserting all the expressions into the efficency, one gets:

ηD =
−nCV (T2 − T1) + nR(T3 − T2) + (−nCV (T4 − T3))

nCp(T3 − T2)

=
−CV (T2 − T1) + (Cp − CV )(T3 − T2)− CV (T4 − T3)

Cp(T3 − T2)

=
Cp(T3 − T2)− CV (T2 − T1 + T3 − T2 + T4 − T3)

Cp(T3 − T2)

= 1− CV (T4 − T1)
Cp(T3 − T2)

= 1− T4 − T1
γ(T3 − T2)
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In the first step, we applied again the hint. ηD now only depends on known parameters.
iii. (2.5 P) Express the efficiency ηD as a function of r, α and γ.

We know that r = V1
V2

and α = V3
V2

. First, we notice that α can also be written as a function of

the temperatures. Since 23 is an isobaric process, V
T is constant, and thus

α =
V3
V2

=
T3
T2

For the isobaric process, since p2 = p3 =constant, we can write

V2
T2

=
V3
T3

⇒ T3 =
V3
V2
T2 = αT2

For the two adiabatic processes, we have (V4 = V1, but this time V2 6= V3):

T1V
γ−1
1 = T2V

γ−1
2 and T3V

γ−1
3 = T4V

γ−1
1

The first equation leads to

T2 = T1

(
V1
V2

)γ−1
= T1r

γ−1

This also allows us to rewrite the previous T3 as a function of T1:

T3 = αT2 = T1αr
γ−1

When dividing both adiabatic equations, one gets:

T4V
γ−1
1

T1V
γ−1
1

=
T3V

γ−1
3

T2V
γ−1
2

=
T3
T2
·
(
V3
V2

)γ−1

T4 = T1 · α · αγ−1 = αγT1

Plugging everything into the efficiency:

ηD = 1− T4 − T1
γ(T3 − T2)

= 1− 1

γ

αγT1 − T1
T1αrγ−1 − T1rγ−1

= 1− 1

rγ−1
·
(
αγ − 1

γ(α− 1)

)

This form is quite similar to the Otto efficiency, up to a new factor involving the cut-off ratio α
and the adiabatic coefficient γ.

Part C. Some comparisons (2 points)
i. (0.75 P) Suppose that the compression ratio r is fixed. Between Otto and Diesel,
which cycle would be more efficient? You can consider the typical values: r = 10,
α = 2, γ = 1.4. If you were not able to solve the last question of the Diesel part, use
the (wrong) expression

η∗D = 1− αγ−1

rγ−1γ
.

(In reality, r is different for both cycles, and they don’t use the same type of fuel.)
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ηO = 1− 1

rγ−1

ηD = 1− 1

rγ−1
·
(
αγ − 1

γ(α− 1)

)

η∗D = 1− 1

rγ−1
·
(
αγ−1

γ

)
(wrong)

With r = 10, α = 2, γ = 1.4, we find:

ηO = 60%

ηD = 53%

η∗D = 62% (wrong)

With the correct formula: Otto more efficient.
With the wrong formula: Diesel more efficient.

In reality, Diesel is more efficient because a higher compression ratio is achievable (if r is to large
in an Otto engine, it will lead to an auto-ignition, which is not wished).

ii. (0.5 P) Calculate the efficiency for this typical Otto engine.

Already calculated in the previous question: ηO = 60%

iii. (0.75 P) What would be the value of the corresponding Carnot efficiency? What
can you say when you compare this value to the one from the previous question?
Are you suprised by the result?

The Carnot efficiency is given by

ηC = 1− Tlow
Thigh

= 1− 303 K

1973 K
≈ 85%

The Carnot is of course higher, since it corresponds to the most efficient thermodynamical
process.

12 sur 12


